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(Ax, y) = (x,Ay), (x, y ∈ domA).
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(Ax, y) + (x,Ay) = 0, (x, y ∈ domA).
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z ∈ K : sup{|(Ax, z)|2 : x ∈ domA, (x, x) ≤ 1} < ∞},
(Ax, z) = (x,A∗z) (x ∈ domA, z ∈ domA∗).




y ∈ H : sup{|(x, y)|2 : x ∈ domA, (Ax,Ax) ≤ 1} < ∞}.
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{0} = ker(I ∓ A) = ker(I ± A)∗ = {ran(I ± A)}⊥.
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∣∣∣∣2 = |h|2|f |2 + 1 ≤ |h|2,
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∣∣∣∣2 = |h|2 · |f |2|f |2 + 1 ≤ |h|2,
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= ‖Ax− y‖2 + ‖x+ Ay‖2
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A = A∗ = A2 = AA∗.
4  
  
   $ 
 
	
 T  " 	 H
 K  

(   
 ' 
 
H = domT + ranT ∗.
3  
  ranA∗ ⊆ domA 









   A   
 	     
	  	
 H 
A2 ⊂ A      
' A = I






   b = 0  
        	    	
 
	 	     		
        
	       	   !!"  	 #		 	  		 
 	       $	 	   	   	
    	  	   		
   %    
	
	    &  '  
$	 ( )   	   	  	    
	
 . . .    *       	
 	 	
 
 	     	 	      	 	 	   

	           	 	
    	
	 
	 +
* ,	 * 			 	-)









   	 
 H
  
 B  H  	    A	   
 
	




 a, b ≥ 0, a < 1
 

‖Bh‖2 ≤ a(‖Ah‖2 + b2‖h‖2),+!0-
  
 h ∈ domA  A+B  














 2     	
 	 (
ran(S + T ) = H× H.+!/-
  !!/ 	  & !!3   T   		  
 	
*    	 T−1    	  	 H × H  






= ‖Bh‖2 + ‖Bg‖2
≤ a(‖Ah‖2 + b2‖h‖2 + ‖Ag‖2 + b2‖g‖2)
= a













    ‖ST−1‖ ≤ √a < 1 	

	  ST−1 








S + T = (ST−1 + I)T
    S + T    	
 












    
  
 A,B, . . .     
            !
"#$% (Ax, y)∓ (x,Ay) = 0 (x, y ∈ domA).
       




(    A    ##  ) A∗       *&
     + 
"#% A = ±A∗
       
 
'#  ,-& 
&
 A     
  
       	 

  ) A∗  "## A   %  A∗  ),-&)

'# (    A∗  

 "#%!
"#.% A∗ = ±A∗∗,
  A∗∗           A# (     '  
 &
 +     ) #
  	  A      	 
     
     H         !
"% A       	 
"
"% ranA∗ = ranA∗∗"
"% ±A∗ ⊂ A∗∗#  A∗    	 
 
$ 	  "%   ' *  "%#     "% 
 "%  
  A∗   ±A    
 "#$%   A∗ 
 ±A∗∗#        -   A∗  A∗∗  '   
#      z   domA∗      y ∈ domA∗∗ 
 '   

A∗z = A∗∗(±y) = ±A∗(±y) = A∗y.
 *
















     		 	   








 	     	    
 

































 '	( #) 	  * 	  
 
 ( +	 
  	 #, * 	 	
  -  	
 	  
 
 $	
 	(! . 
 
       	








	   (τj,k)j,k∈N   	
 	

















 en = (δk,n)k∈N   





















y ∈ 2 : sup{|(x, y)|2 : x ∈ D , (Ax,Ax) ≤ 1} < ∞},
R∗∗ :=
{
z ∈ 2 : ∃{xn}∞n=1 ⊂ D such that Axn → z, (xn − xm) → 0
}
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y ∈ H : sup{|(x, y)|2 : x ∈ domA, (Ax,Ax) ≤ 1} < ∞},
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‖(I + A)x‖2 = ‖x‖2 + ‖Ax‖2 + 2(Ax, x) ≥ ‖x‖2 (x ∈ domA).
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{
h ∈ H : ∃{fn}∞n=1 ⊆ domT ∗T, {Tfn}∞n=1 converges, T ∗Tfn → h
}
8
    T ∗T  	  
  
     	
   
       ran J∗∗ = R∗ 









h ∈ H : ∃{fn}∞n=1 ⊆ domT ∗T, {Tfn}∞n=1 converges, T ∗Tfn → h
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dom J∗∗J∗ = {g ∈ dom J∗ : J∗g ∈ dom J∗∗}
= {g ∈ D∗ : ∃h ∈ H, ∃{fn}∞n=1 ⊆ domT ∗T, Tfn → J∗g, J(Tf) → h}
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ran J∗∗J∗ = {J∗∗g : g ∈ dom J∗∗ ∩ ran J∗}
= {J∗∗g : g ∈ ran J∗, ∃{fn}∞n=1 ⊆ domT ∗T, Tfn → g, J(Tfn) → J∗∗g}
= {h ∈ H : ∃g ∈ ran J∗, ∃{fn}∞n=1 ⊆ domT ∗T, Tfn → g, T ∗Tfn → h}
=
{
T ∗g : g ∈ ran J∗ ∩ dom (T ∗|domT ∗∩ranT )}
= {T ∗g : g ∈ ran J∗ ∩ domT∗}.





: sup{|〈Tf, g〉| : f ∈ domT ∗T, ‖J(Tf)‖2 ≤ 1} < ∞}
=
{
g ∈ ranS : sup{|(Tf, g)| : f ∈ domT ∗T, ‖T ∗Tf‖2 ≤ 1} < ∞}.
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 Â := J∗AJ
∗∗
A 
 	  	 HA   #
  	  
	 	




   








≥ γ · 〈ξ, ξ〉
A




 γ > 0 %	 
   h ∈ domA








≥ γ · 〈Ah,Ah〉
A
= γ · (Ah, h),
     	  
 &  




 &     ( 	 
 )	 
 	  JA  	 *
	 

 J∗∗A    
    	  







= (J∗∗A ξ, J
∗∗
A ξ) ≥ m−1A · 〈ξ, ξ〉A (ξ ∈ dom J∗∗A ).
!  	 	 
 

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 
$
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g ∈ H : ∃mg ≥ 0, |(f, g)|2 ≤ mg · (Af, f) for all f ∈ domA
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 Q∗Q∗∗ ≤ R∗R∗∗
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  
 J  S  T 
 
   A := S∗∗S∗













 domA1/2 = domS∗  domB1/2 = domT ∗ 
	 
dom J∗∗J∗ ⊆ dom J∗ = domA1/2 ∩ domB1/2.
  
  !"#   f ∈ dom J∗∗J∗  g ∈ domA1/2 ∩ domB1/2
(J∗∗J∗f, g) = (J∗f, J∗g) =
({S∗f, T ∗f}, {S∗g, T ∗g})
= (S∗f, S∗g) + (T ∗f, T ∗g)




















    S : H1 → K 	






 	     domS∗ ∩ domT ∗  
	 	 K 	
ranS + ranT ⊆ ran(SS∗  TT ∗)1/2.
 S 	
 T   
	
 		    	 		 

 *
 J   
 
 
   !+# $
 J  
 
ranS + ranT = ran J ⊆ ran J∗∗ = ran(J∗∗J∗)1/2 = ran(SS∗  TT ∗)1/2 !,#
  *









  H1 × H2   J 
 	  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  A 	







 JA, JB 






→ H  	
   	 	 
 !/# {Af,Bg} → Af +Bg, f ∈ domA, g ∈ domB.
	     AN 	
 BN  J
∗∗J∗











,H2 := HB ,K := H  
 S := JA, T := JB 
0
 
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     A  B  	
 	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 dom(AN  BN)1/2 = D∗(A) ∩ D∗(B)
 ker(AN  BN)1/2 = {ranA+ ranB}⊥
		  	    ! " 	 	# $  	 
dom(AN  BN)1/2 = dom J∗ = dom J∗A ∩ dom J∗B = D∗(A) ∩ D∗(B),
 

  %	  
 	   	 	

ker(AN  BN)1/2 = ker J∗ = {ran J}⊥ = {ranA+ ranB}⊥.

      A  B  	
 		
 
  D∗(A) ∩ D∗(B) 
 
 
H   y ∈ H  		 

  
 y ∈ ran(AN  BN)1/2
  
  	
 my ≥ 0 
  	  h ∈ D∗(A) ∩ D∗(B)  		
 	










{|(Af, h)|2 : f ∈ domA, (Af, f) ≤ 1},
MB(h) := sup
{|(Bg, h)|2 : g ∈ domB, (Bg, g) ≤ 1}.&
   	 





A(fn − fm), fn − fm
) → 0 (B(gn − gm), gn − gm) → 0  Afn +Bgn → y
		  	   	  
 	 # 
	 '  "( 
	 
	   )	  
 
*
ran(AN  BN)1/2 = ran J∗∗ = ran(J∗)∗
=
{




for all h ∈ dom J∗}.
 	  	# +  ! " J∗h = {J∗Ah, J∗Bh}  	# h ∈ dom J∗ =
D∗(A) ∩ D∗(B) ,
	  	












‖J∗Ah‖2A := 〈J∗Ah, J∗Ah〉A = sup
{|〈J∗Ah,Af〉A |2 : f ∈ domA, 〈Af,Af〉A ≤ 1}
= sup




‖J∗Bh‖2B := 〈J∗Bh, J∗Bh〉B = sup
{|(h,Bg)|2 : g ∈ domB, (Bg, g) ≤ 1}.
   
  

‖J∗Ah‖2A + ‖J∗Bh‖2B = MA(h) +MB(h),
	  
   	
   
  	       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 
 




 y ∈ H   
    (AN  BN)1/2      
    	
{fn, gn}∞n=1  domA × domB 	 
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  	   A  B  	
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  D∗(A) ∩ D∗(B) 
 
 
H   h ∈ H  		 

  
 h ∈ dom(AN  BN)
 h ∈ D∗(A) ∩ D∗(B)    	 







(Afn, fn) < ∞  (fn, Af) → (h,Af) 	  f ∈ domA
 sup
n∈N
(Bgn, gn) < ∞  (gn, Bg) → (h,Bg) 	  g ∈ domB




   	
	
  " '   
dom(AN BN) = {h ∈ dom J∗ : J∗h ∈ dom J∗∗}
=
{






 h ∈ D∗(A) ∩ D∗(B)  
  
 
 {J∗Ah, J∗Bh}     
 J∗∗      
    	 {fn, gn}∞n=1  domA × domB 	 
 

{Afn, Bgn} → {J∗Ah, J∗Bh}  HA × HB   
 
 J{Afn, Bgn} = Afn + Bgn 	 
H   
 
   	 {Afn, Bgn}∞n=1 	 
 {J∗Ah, J∗Bh} 
  	   
      	
	  	 	
  	
 	 {Afn}∞n=1 
 {Bgn}∞n=1 






 {Afn}∞n=1   









   	    
 f ∈ domA
〈Afn − J∗Ah,Af〉A = (fn − h,Af) → 0 and sup
n∈N
(Afn, fn) < ∞,

    
 g ∈ domB
(gn − h,Bg) → 0 and sup
n∈N
(Bgn, gn) < ∞.
  	 
  
 	   
   
 
  	   A  B  	
 	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  D∗(A) ∩ D∗(B) 
 
 
H   y ∈ H  		 

  
 y ∈ ran(AN  BN)
   	 






A(fn − fm), fn − fm
) → 0 (B(gn − gm), gn − gm) → 0 Afn + Bgn → y
  	  f ∈ domA  g ∈ domB
lim sup
n→∞
|(Afn, f) + (Bgn, g)| ≤ my‖Af +Bg‖,
 my 
  	
  	 	 y
		        	     ! 	

ran(AN  BN) =
{
J∗∗{ξ, η} : {ξ, η} ∈ ran J∗ ∩ dom J∗∗}.
"  	
 {ξ, η} ∈ ran J∗ 	   
   	   
  
 mξ,η  	 	
 

 f ∈ domA 














∣∣ ≤ mξ,η‖Af +Bg‖.
" 	 	 	
   {ξ, η} ∈ dom J∗∗ 	   
   {fn, gn}∞n=1  domA×
domB  	 	
 {Afn, Bgn} → {ξ, η} 
 	




  y ∈ H 
     	 
  AN  BN
 	 
    {fn}∞n=1 
 {gn}∞n=1  domA 
 domB   	
Afn + Bgn → y  	 	
 {Afn}∞n=1 
 {Bgn}∞n=1 









|〈Afn, Af〉A + 〈Bgn, Bg〉B | = lim
n→∞
|(Afn, f) + (Bgn, g)| ≤ my‖Af +Bg‖
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  {Afn}∞n=1  {Bgn}∞n=1   






A(fn − fm), fn − fm
) → 0 and (B(gn − gm), gn − gm) → 0,
 

	 n,m → ∞  
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 		 
 A  B   
   "	
#
  	   A  B  	
 
	 		
    
 H 

 domA1/2 ∩ domB1/2 
 
 
 dom(A B)1/2 = domA1/2 ∩ domB1/2
 ker(A B)1/2 = ker(AB) = {ranA+ ranB}⊥
 	  y ∈ H  		 

  
	 y ∈ ran(A B)1/2
		  
  	 	
 my 
  	  h ∈ domA1/2 ∩ domB1/2
|(y, h)|2 ≤ my
(‖A1/2h‖2 + ‖B1/2h‖2) .
			   	 

 {fn}∞n=1  {gn}∞n=1 	 domA  domB 
 
 
  {A1/2fn}∞n=1  {B1/2gn}∞n=1  	   Afn +
Bgn → y
 	  h ∈ H  		 

  
	 h ∈ dom(AB)
		 h ∈ domA1/2∩domB1/2    	 

 {fn}∞n=1  {gn}∞n=1 	
domA  domB 




 	  y ∈ H  		 

  
	 h ∈ ran(A B)
		   	 

 {fn}∞n=1  {gn}∞n=1 	 domA  domB 
 
 
  {A1/2fn}∞n=1  {B1/2gn}∞n=1  	 Afn + Bgn → y
  	  f ∈ domA  g ∈ domB
lim
n→∞
∣∣(A1/2fn, A1/2f) + (B1/2gn, B1/2g)∣∣ ≤ my‖Af +Bg‖,
 my 
  	 	
  	 	 y
!		 
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 D∗(A) = domA1/2  D∗(B) = domB1/2 




MA(h) = 〈J∗Ah, J∗Ah〉A = ‖A1/2h‖2,
      	
	  	 	
    	
   MB(h) = ‖B1/2h‖2     		 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   	 
	                 			   A1/2fn → A1/2h
  B1/2gn → B1/2h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〈J∗A(fn − h), J∗A(fn − h)〉A → 0 and 〈J∗B(gn − h), J∗B(gn − h)〉B → 0.
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 AN  BN 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 D∗(A) = D∗(B) = H
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AN +BN = AN BN 
		 % AN  BN = J∗∗J∗ 	    

D∗(A) ∩ D∗(B) = dom J∗ ⊇ dom J∗∗J∗ = H,
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 AN  BN = AN  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D∗(A) ∩ D∗(B) 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 
 	 AN  BN 
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    	 
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 	
 γ > 0 
 
MA(h) +MB(h) ≥ γ · ‖h‖2/0
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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    
   h ∈ D∗(A) ∩ D∗(B) ∩ ranA+ ranB 	 MA(h) 
 MB(h)  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ran(AN BN) = ranA+ ranB.
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≥ γ · ‖h‖2, h ∈ dom J∗ ∩ {ker J∗}⊥.
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‖A1/2h‖2 + ‖B1/2h‖2 ≥ γ · ‖h‖2
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MA(h) = 〈J∗Ah, J∗Ah〉A = ‖A1/2h‖2, MB(h) = 〈J∗Bh, J∗Bh〉B = ‖B1/2h‖2
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MA(h) +MB(h) ≥ γ · ‖h‖2
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≥ γ · ‖h‖2 for all h ∈ ranA+ ranB.
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kerT † = {ranT}⊥,
T †Th = P{kerT}⊥h for all h ∈ domT,
TT †k = PranTk for all k ∈ K.
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Af +Bg + k : f ∈ domA, g ∈ domB, k ∈ {ranA+ ranB}⊥},
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{
γ ≥ 0 : ‖k‖2 ≤ γ(MA(k) +MB(k)) for all k ∈ D∗(A) ∩ D∗(B) ∩ ranA+ ranB
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ranA+ ranB = ran J ⊆ ran J∗∗ = ran J∗∗J∗.
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Af +Bg + k ∈ domV  ∥∥V (Af +Bg + k)∥∥2 = ‖J∗h‖2 ≤ γ · ‖J∗∗J∗h‖2 = γ · ‖Af +Bg‖2
≤ γ · ‖Af +Bg + k‖2.
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kerV ∗∗ ⊇ kerV = {ranA+ ranB}⊥ = {ran J∗∗}⊥.
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{Afn, Bgn} → ξ and Afn +Bgn → J∗∗ξ = J∗∗J∗h.
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V (Afn +Bgn) → V ∗∗J∗∗ξ and J∗∗V (Afn +Bgn) = Afn +Bgn → J∗∗J∗h,
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V (Afn +Bgn) → V ∗∗h and J∗∗V (Afn +Bgn) = Afn +Bgn → Ph,
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kerV ∗V ∗∗ = kerV ∗∗ = {ran J∗∗}⊥ = {ran J∗∗J∗}⊥,
V ∗V ∗∗J∗∗J∗h = V ∗QJ∗h = V ∗J∗h = Ph for all h ∈ dom J∗∗J∗,
J∗∗J∗V ∗V ∗∗h = J∗∗QV ∗∗h = J∗∗V ∗∗h = Ph for all h ∈ H,
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‖V ∗V ∗∗‖ = ‖V ∗‖2 = ∥∥(J∗)†∥∥2
= inf{γ ≥ 0 : ‖k‖2 ≤ γ · ‖J∗k‖2 for all k ∈ dom J∗ ∩ ran J∗∗}.
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‖J∗k‖2 = MA(k) +MB(k), dom J∗ = D∗(A) ∩ D∗(B), ran J∗∗ = ranA+ ranB
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‖Ax‖2 ≤ ‖A‖(Ax, x) (x ∈ H).
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J∗Ax = Ax ∈ HA (x ∈ H);
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B̂(Ax) = ABx (x ∈ H).
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U(Ax) := A1/2x ∈ H (x ∈ H),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B = V J∗A.
	
 B∗ = J∗∗A V
∗ 	  	 	    
ranB∗ ⊆ ran J∗∗A = ran(J∗∗A J∗A)1/2 = ranA1/2.
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J∗AV (Ax) = J
∗
A(Bx) = ABx = B̂(Ax) (x ∈ H).
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{A1/2Bx : x ∈ H, (Ax, x) ≤ 1} = {SA1/2x : x ∈ H, (Ax, x) ≤ 1}
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 ker(B̂ − λÎ) ∩ ranA 
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{Ay : y ∈ ranA, (B̂ − λÎ)Ay = 0} = {Ay : y ∈ ranA,A(B − λI)y = 0}
= {Ay : y ∈ ranA, (B − λI)y ∈ kerA}
= {Ay : y ∈ ranA ∩ ker(PB − λI)},
" P     
  H  ranA  PB # 

 ker(PB−λI)




Hλ := {x ∈ ranA : (x,Ayj) = 0, (j = 1, 2, . . . , n)}.*
  PB  Hλ +  
 x  Hλ  yj, j = 1, 2, . . . , n "  
(PBx,Ayj) = (Bx,Ayj) = (x,AByj) = (x,APByj) = (x,Aλyj)
= λ(x,Ayj) = 0.
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 Bλ := PB|Hλ  
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 Ax = 0  x = 0 #
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 λ    
 
 Bλ .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(AλBλx, y) = (PλAPBx, y) = (ABx, y) = (x,ABy) = (Pλx,APBy)
= (x,AλBλy)
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L ∩ ranA = {Ax : x ∈ ranA, 〈Ax,Ayj〉A = 0 (j = 1, 2, . . . , n)}
= {Ax : x ∈ ranA, (x,Ayj) = 0 (j = 1, 2, . . . , n)}
= {Ax : x ∈ Hλ}
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Ψ(Ax) := Aλx ∈ HλA (x ∈ Hλ)
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Ψ−1B̂λΨ(Ax) = Ψ−1(AλBλx) = APBx = ABx = B̂(Ax) (x ∈ Hλ).
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λk(x, ek)fk (x ∈ H),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∣∣(A1/2x,A1/2ek)∣∣2 → 0, (n,m → ∞).
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A1/2Tn = SnA
1/2 → SA1/2 (n → ∞)




λk(x, fk)ek = SA
1/2x = A1/2PBx (x ∈ H).
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1/2 = A1/2Sn → A1/2S (n → ∞)
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∣∣〈V ∗Px, J∗Aek〉A∣∣2 → 0 (n,m → ∞).
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1/2x, ek)fk = A
1/2Sx = B∗A1/2x = B∗PA1/2x (x ∈ H)!"#*%
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∣∣〈V ∗Px, J∗Aek〉A∣∣2 → 0, (n,m → ∞)
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λk(Ax, ek)ek = SA





λk(x, ek)ek = A
1/2T (Px)
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Ax (x ∈ H)
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{A1/2Bx : x ∈ H, (Ax, x) ≤ 1} = {A1/2TA1/2(A1/2x) : x ∈ H, ‖A1/2x‖2 ≤ 1}
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(Ax,Ax) ≤ ‖A‖(Ax, x), (x ∈ H),
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‖Ĉ∗ϕ‖2 ≤ 〈(I − P )ϕ, (I − P )ϕ〉
B
, ϕ ∈ H
B
.%&.(
/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